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Abstract 

In this paper, by generalizing a work of Shikhar Mittal for deriving the equation of the curve obtained 
on reflection of a point object in a curved mirror (in the form ݕ ൌ ݂ሺݔሻ), we compute the intersections of 
reflected rays from a curved mirror in the parametric form γ(t)=(x(t),y(t)) and present some different 
examples which are caculated by Maple. The results can be used in computer graphics for ray tracing and 
in geometrical optics for finding the images of a point in such mirrors and in the theory of waves for 
discribing the reflction of a spherical wavefront. 
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1. Introduction 

In geometrical optics which can be considered as the study of the phenomenon of refraction and 
reflection, it is convenient to investigate the behavior of rays or directed lines in the plane (see for example 
[3, 4, 5, 6]). According to the famous law due to Snell (which as it is mentioned in materiaislamica.com or 
in wikipedia, has been first accurately described by the Persian scientist Ibn Sahl at the Baghdad court in 
984), the angle of incidence is equal to the angle of reflection and it is well known that the incident ray, 
normal and the reflected ray lie in the same plane. It means that if S is a point on a ray which strikes the 
reflector at point P and if N is the normal line to the reflector at P, then there is a point C on the reflected 
ray from point P that is symmetrical point of S with respect to N. 

In [1] Bhattacharjee introduced the generalized vector laws of reflection and refraction. By this new 
formulation he described in [2] the cases of reflection of a plane wavefront of light by plane as well as 
spherical reflecting surfaces. 

Mittal in [7] has derived the equation of the curve obtained on reflection of a point object in a curved 
mirror (in the form y=f (x)) if the object and the mirror are placed on the 2D Cartesian plane. Here we 
generalize the results of [7] for a mirror defined by a parametric curve ߛሺݐሻ ൌ ሺݔሺݐሻ,  ሻሻ and present aݐሺݕ
new formulation and different examples that should be calculated by this new formulation. Although we 
obtain the results for light rays, sometimes a mechanical wavefront can be considered as a family of wave 
vectors and the behavior of light rays can be used for these situations, e.g. a spherical wavefront may be 
considered as a union of wave directions which come from a source point. But there are some differents 
between these two cases. It is well known that the image of a point object may be in front or at behind of 
the mirror, therfore in some of examples the curve of intersection point of reflected rays is at the behind of 
the mirror. This phenomena, however, will not happen for the reflection of a mechanical wavefront and the 
reflected wavefront will be in front of the reflecting surface. Although our formulation can be used for this 
viewpoint, but here we put aside the details of the situation for mechanical waves. 

 
2. The image of a point in a parametric curved mirror 

In order to finding the image (or images) of a point in a parametric curved mirror ߛሺݐሻ ൌ ሺݔሺݐሻ,  ,ሻሻݐሺݕ
at first we should describe the generalized equation of the family of reflected rays on such mirrors. Then 
we recall the method that introduced by Mittal in [7] for finding the intersection of a family of lines, and 
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by which we will generalize the formula of the intersection point of reflected rays from the mirror ߛ. In this 
way, two theorems are proved and the relations are simplified using determinants and inner products. 

There are some examples that cannot be described by the previous formula in [7] and should be computed 
by this new formulation. Some of these examples are shown in subsection 2.4. 

     
2.1. Equation of the family of reflected rays 

Now suppose that we have a curved mirror defined by parametric equation ߛሺݐሻ ൌ ሺݔሺݐሻ,  ܦሻሻ in 2ݐሺݕ
Cartesian plane. Let ܵ ൌ ሺܽ, ܾሻ be a point object in this plane that as a source sends a family of rays to the 
mirror. We assume that the mirror is smooth and perfectly reflecting so that refraction, absorption or 
dispersion of beam itself does not occur. We want to find the image (or images) of ܵ in this mirror by a 
generalization of the method described in [7]. 

At first, we need some notations which help us to make formulas short and clear. Let ݑ ൌ ቀ
ଵݑ
ଶݑ
ቁ,  

ݒ ൌ ቀ
ଵݒ
ଶݒ
ቁ and ݓ be 3 vectors in the plane, we set  

,ݑ|    |ݒ ൌ ଶݒଵݑ െ ଵݒଶݑ ൌ detሺݑ, ,ݑ〉					,ሻݒ 〈ݒ ൌ ଵݒଵݑ ൅ 						,ଶݒଶݑ ሺܷ௨,௩,௪ሻ ൌ ൬
,ݑ| |ݒ
,ݑۦ ۧݓ

൰.	 (1) 

Now let ܲ ൌ ሺݔሺݐሻ,  ሻ. It is well known that the equation of normal lineݐሺߛ ሻሻ be a point on the curveݐሺݕ

ܰ  at point ܲ  to the curve ߛ  is ݕ	 െ ሻݐሺݕ ൌ െ ௫ሶሺ௧ሻ

௬ሶ ሺ௧ሻ
ሺݔ െ ሻሻݐሺݔ , in which ݔሶ  and ݕሶ  show respectively the 

differentiation of ݔ and ݕ with respect to ݐ. 
Consider an incident ray from point ܵ in the plane that strikes to point ܲ on the curve ߛሺݐሻ. We should 

find the equation of line which is coincides with the reflected ray from ܲ. Let ܥ be the symmetrical point 
to ܵ with respect to the normal ܰ at point ܲ on ߛ. 

The equation of the line passing through points ܵ and ܥ that is perpendicular to ܰ and hence is parallel 

to the tangent line to ߛ at point ܲ is ݕ െ ܾ ൌ ௬ሶ ሺ௧ሻ

௫ሶሺ௧ሻ
ሺݔ െ ܽሻ. 

In order to finding the coordinates of the point ܥ we use the coordinates of the mid point ܯ of the line 
segment ܵܥ that is the intersection of two lines ܰ and ܶ. By some calculations we obtain  

ெݔ    ൌ ௫ሶሺ௧ሻۦఊሶ ሺ௧ሻ,ఊሺ௧ሻۧି௬ሶ ሺ௧ሻ.ୢୣ୲ሺఊሶ ሺ௧ሻ,ௌሻ

|ఊሶ ሺ௧ሻ|మ
ெݕ							, ൌ ௬ሶ ሺ௧ሻۦఊሶ ሺ௧ሻ,ఊሺ௧ሻۧା௫ሶሺ௧ሻ.ୢୣ୲ሺఊሶ ሺ௧ሻ,ௌሻ

|ఊሶ ሺ௧ሻ|మ
  (2) 

in which |ߛሶ ሺݐሻ|ଶ ൌ ሶݔ ଶሺݐሻ ൅ ሶݕ ଶሺݐሻ. Using notations in (1) we have  

ெݔ    ൌ ଵ

|ఊሶ ሺ௧ሻ|మ
หߛሶ ሺݐሻ, ሺܷఊሶ ,ௌ,ఊሻห,							ݕெ ൌ ଵ

|ఊሶ ሺ௧ሻ|మ
ሶߛ〉 ሺݐሻ, ሺܷఊ,ሶ .ௌ,ఊሻ〉  (3) 

Since ܯ is the mid point of the line segment ܵܥ so  
஼ݔ    ൌ ெݔ2 െ ஼ݕ							,ܽ ൌ ெݕ2 െ ܾ.	  (4) 

Hence  

஼ݔ    ൌ
௫ሶሺ௧ሻۦఊሶ ሺ௧ሻ,ଶఊሺ௧ሻିௌۧି௬ሶ ሺ௧ሻୢୣ୲ሺఊሶ ሺ௧ሻ,ௌሻ

|ఊሶ ሺ௧ሻ|మ
஼ݕ								, ൌ

௬ሶ ሺ௧ሻۦఊሶ ሺ௧ሻ,ଶఊሺ௧ሻିௌۧା௫ሶሺ௧ሻୢୣ୲ሺఊሶ ሺ௧ሻ,ௌሻ

|ఊሶ ሺ௧ሻ|మ
  (5) 

which by (1) can be written in the following shorter form  

஼ݔ    ൌ
ଵ

|ఊሶ ሺ௧ሻ|మ
หߛሶ ሺݐሻ, ሺܷఊሶ ,ௌ,ଶఊିௌሻห,							ݕ஼ ൌ

ଵ

|ఊሶ ሺ௧ሻ|మ
ሶߛ〉 ሺݐሻ, ሺܷఊሶ ,ௌ,ଶఊିௌሻ〉.		  (6) 

Now having two points ܲ and ܥ of the line ܲܥ
⟷

 we can obtain the equation of this line as ݕ ൌ ݔ݉ ൅ ܿ 

 in which ݉ and ܿ, when we set Γ ൌ ൬
|ሺߛሺݐሻ െ ܵሻ, ሶߛ ሺݐሻ|
〈ሺߛሺݐሻ െ ܵሻ, ሶߛ ሺݐሻ〉

൰ and Γଵ ൌ ൬
,ሻݐሶሺߛ| |ሻݐሺߛ
ሶߛ〉 ሺݐሻ, 〈ሻݐሺߛ

൰, are as follows 

݉ ൌ ݉ሺݐሻ ൌ ௬಴ሺ௧ሻି௬ሺ௧ሻ

௫಴ሺ௧ሻି௫ሺ௧ሻ
	ൌ

௬ሶ ሺ௧ሻۦሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻۧା௫ሶሺ௧ሻୢୣ୲൫ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ൯

௫ሶሺ௧ሻۦሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻۧି௬ሶ ሺ௧ሻୢୣ୲൫ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ൯
ൌ

ఊሶۦ ሺ௧ሻ,୻ۧ

|ఊሶ ሺ௧ሻ,୻|
    (7) 

 and  

		ܿ ൌ ܿሺݐሻ ൌ ሻݐሺݕ െ ሻݐሺݔ݉ ൌ
ሺఊሺ௧ሻିௌሻ,ఊሶۦ ሺ௧ሻۧୢୣ୲൫ఊሶ ሺ௧ሻ,ఊሺ௧ሻ൯ିۦఊሶ ሺ௧ሻ,ఊሺ௧ሻۧୢୣ୲൫ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ൯

௫ሶሺ௧ሻۦఊሶ ሺ௧ሻ,ሺఊሺ௧ሻିௌሻۧି௬ሶ ሺ௧ሻୢୣ୲൫ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ൯
ൌ

|Γభ,Γ|

|ఊሶ ሺ௧ሻ,Γ|
    (8) 

 Thus it is proved that   
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Theorem 1. By the above formulation when the point ܲ and so the normal ܰ change on the curve ߛሺݐሻ, we 
have the family of reflected rays from mirror ߛሺݐሻ with the equation  

ݕ   ൌ ݉ሺݐሻݔ ൅ ܿሺݐሻ,				݉ሺݐሻ ൌ
ఊሶۦ ሺ௧ሻ,୻ۧ

|ఊሶ ሺ௧ሻ,୻|
,				ܿሺݐሻ ൌ

|୻భ,୻|

|ఊሶ ሺ௧ሻ,୻|
. 

 
2.2. Intersection of family of lines 

As it is described in [7], if a parametric family of lines 
ݕ  ൌ ݉ሺݐሻݔ ൅ ܿሺݐሻ  (9) 

with parameter ݐ ∈ Թ is given, and  the point ሺݔூሺݐሻ,  ሻሻ is the intersection of two infinitesimally apartݐூሺݕ
lines ݕ ൌ ݔ݉ ൅ ܿ and ݕ ൌ ሺ݉ ൅ ݀݉ሻݔ ൅ ሺܿ ൅ ݀ܿሻ, then  ܫݕሺݐሻ ൌ ሻݐሺܫݔ݉ ൅ ܿ in which 

ሻݐሺܫݔ  ൌ െ
ሶܿሺݐሻ

ሶ݉ ሺݐሻ
.  (10) 

Now we can generalize the discussion in [7]. Suppose that the family (9) are defined by a parametric 
curve ߛሺݐሻ ൌ ሺݔሺݐሻ, ሻݐሻሻ. Then we have ܿሺݐሺݕ ൌ ሻݐሺݕ െ      ሻ, as in (8). Substituting this in (10) we haveݐሺݔ	݉

ሻݐሺܫݔ  ൌ ሻݐሺݔ െ
ሶݕ ሺݐሻെ݉ሺݐሻݔሶ ሺݐሻ

ሶ݉ ሺݐሻ
.  (11) 

Moreover  
ሻݐሺܫݕ ൌ ܿሺݐሻ ൅  ሻ.                                                       (12)ݐሺܫݔ݉

 
2.3. Intersection point of reflected rays from ࢽ  

We know that for finding the coordinates of the intersection of lines that are reflected rays from the 
parametric curve ߛሺݐሻ, it is necessary to obtain ሶ݉ ሺݐሻ by the equation (7), that is after some calculations as 
follows  

ሶ݉ ሺݐሻ ൌ 	
|ఊሶ ሺ௧ሻ|మ൫ଶ|ሺఊሺ௧ሻିௌሻ|మ	|ఊሶ ሺ௧ሻ,ఊሷ ሺ௧ሻ|ି|ఊሶ ሺ௧ሻ|మ	|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|൯

ሺ௫ሶሺ௧ሻۦఊሶ ሺ௧ሻ,ሺఊሺ௧ሻିௌሻۧି௬ሶ ሺ௧ሻ		|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|ሻమ
                             (13) 

or simply ሶ݉ ሺݐሻ ൌ ሻ|ଶݐሶሺߛ| |୻మ,୻య|

|ఊሶ ሺ௧ሻ,୻|మ
, in which Γଶ ൌ ൬

,ሻݐሶሺߛ| ሷߛ ሺݐሻ|
ሶߛ〉 ሺݐሻ, ሶߛ ሺݐሻ〉൰ and Γଷ ൌ ൬

ሻݐሺߛ|					 െ ܵ, |ሻݐሶሺߛ
ሻݐሺߛ〉2 െ ܵ, ሻݐሺߛ െ ܵ〉൰. 

Now by substituting equation (13) in equation (11) we can obtain the ݔ-coordinate of the intersection 
point of reflected rays, namely  

ሻݐூሺݔ           ൌ ሻݐሺݔ െ
|ఊሶ ሺ௧ሻ,ሺఊሺ௧ሻିௌሻ|ሺ௫ሶሺ௧ሻۦሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻۧି௬ሶ ሺ௧ሻ	|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|ሻ

ଶ|ሺఊሺ௧ሻିௌሻ|మ		|ఊሶ ሺ௧ሻ,ఊሷ ሺ௧ሻ|ି|ఊሶ ሺ௧ሻ|మ		|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|
                (14) 

that has a shorter form   ݔூሺݐሻ ൌ ሻݐሺݔ െ ሶߛ| ሺݐሻ, ሻݐሺߛ െ ܵ| |ఊ
ሶ ሺ௧ሻ,୻|

|୻మ,୻య|
. 

By replacing (14) in (12) we find ݕ-coordinate of intersection point of reflected rays that is  

ሻݐூሺݕ          ൌ ሻݐሺݕ െ
|ఊሶ ሺ௧ሻ,ሺఊሺ௧ሻିௌሻ|ሺ௬ሶ ሺ௧ሻۦሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻۧା௫ሶሺ௧ሻ	|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|ሻ

ଶ|ሺఊሺ௧ሻିௌሻ|మ		|ఊሶ ሺ௧ሻ,ఊሷ ሺ௧ሻ|ି|ఊሶ ሺ௧ሻ|మ		|ሺఊሺ௧ሻିௌሻ,ఊሶ ሺ௧ሻ|
                       (15) 

 whose smaller form will be  ݕூሺݐሻ ൌ ሻݐሺݕ െ ሶߛ| ሺݐሻ, ሻݐሺߛ െ ܵ| 〈ఊ
ሶ ሺ௧ሻ,୻〉

|୻మ,୻య|
. Therefore it is shown that   

Theorem 2. The intersection point of reflected rays from the mirror ߛሺݐሻ by the above notations has the 
following coordinates  

ሻݐூሺݔ ൌ ሻݐሺݔ െ ,ሻݐሶሺߛ| ሻݐሺߛ െ ܵ| |ఊ
ሶ ሺ௧ሻ,୻|

|୻మ,୻య|
ሻݐூሺݕ          , ൌ ሻݐሺݕ െ ሶߛ| ሺݐሻ, ሻݐሺߛ െ ܵ|

〈ఊሶ ሺ௧ሻ,୻〉

|୻మ,୻య|
		  

that gives the parametric curve of the image of the source point ܵ.   
 
2.4. Some examples 

 Here we present some examples from different parametric curves as the mirror or the reflector curve 
when locus of the point object (or the source point) ܵ can be changed. Note that in each of examples the 
red (or in printed paper, gray) color curve is the curve of images of ܵ. The blue dot is the source point ܵ. 
Although, by changing the point ܵ for a fixed curved mirror we can illustrate many different shapes of the 
images curve, but here we illustrate only two of them in each example. In Figures 1.(i) and 1.(ii), the curve 
ሻݐሺߛ ൌ ሺݐ െ sinݐ, 1 െ cosݐሻ is a Cycloid, ݐ ∈ ሾ0,2ߨሿ, ܵ ൌ ሺ0,0ሻ and ܵ ൌ ሺ2,െ1ሻ, respectively.  
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When the reflector is defined by a closed curve, it is clear that the light rays will be reflected many times. 
In the following we will show only the first intersection of the reflected rays.  

In Figures 2.(i) and 2.(ii), ߛሺݐሻ ൌ ሺ12cosݐ െ 3cosሺ4ݐሻ,12sinݐ െ 3sinሺ4ݐሻሻ is an Epicycloid, ݐ ∈ ሾ0,2ߨሿ, 
S=(0,0) and S=(5,5). It is shown that when the locus of ܵ is changed, how the curve of images is deformed. 

 In Figures 3.(i) and 3.(ii), ߛሺݐሻ ൌ ሺsinݐ, sinݐcosݐሻ is the Eight curve, ݐ ∈ ሾ0,2ߨሿ, with ܵ ൌ ሺ0,0ሻ and 
ܵ ൌ ሺ0.0001,0ሻ. It should be mentioned that in Figure 3.(ii) we have two crossed line segments, i.e. the 
image is bounded.  

In Figures 4.(i) and 4.(ii), ߛሺݐሻ ൌ ൫cosଷሺݐሻ, sinଷሺݐሻ൯ is the Astroid, ݐ ∈ ሾ0,2ߨሿ, for which it is shown 
the change of the first intersection point of reflected rays when ܵ moves from origin to point ሺ0.3,0.3ሻ. 
 

 
1.(i) 

 
1.(ii) 

 
2.(i)  2.(ii) 

 
3.(i)  3.(ii) 

 
4.(i)  4.(ii) 

 
3. Conclusions 

When a point object ܵ ൌ ሺܽ, ܾሻ is in front of a parametric curved mirror ߛሺݐሻ ൌ ሺݔሺݐሻ,  ܦሻሻ in 2ݐሺݕ
Cartesian plane and as a source sends a family of rays to the mirror ߛ, it is shown that the intersections of 
the reflected rays from ߛ can be described as a parametric curve in the plane. It is a generalization of the 
case when the equation of the mirror is ݕ ൌ ݂ሺݔሻ, which introduced in [7]. 
 
References 
[1]  P.R. Bhattacharjee,  The generalized vectorial laws of reflection and refraction.   Eur. J. Phys., 26(5), 

901–911, 2005. 
[2]  P.R. Bhattacharjee,  On finding the correlation between the incident wavefront, reflected (refracted) 

wavefront and the reflecting surface (surface of discontinuity).   Optik, 127, 4819–4823, 2016. 
[3]  C. Dupin,  Applications de la geometrie   Memoire presente a lAcademie des Sciences en 1816, 

publie a Paris en 1822. 
[4]  W. R. Hamilton,  Theory of systems of rays.   Part First and Part Second (1827). Part first: Trans. 

Royal Irish Academy, 15 (1828), pp. 69 – 174. Part Second: manuscript. In Sir William Rowan 
Hamilton mathematical Works, vol. I, chapter I, Cambridge University Press, London, 1931. 

[5]  E. L. Malus,    Journal de lEcole Polytechnique, 7, pp. 1–44 and 84–129, 1808. 
[6]  Charles-Michel Marle,  A direct proof of Malus’ theorem using the symplectic structure of the set of 

oriented straight lines.   http://arxiv.org/abs/1409.0381v1, 1 Sep 2014. 
[7]  Shikhar Mittal,  Reflection of a Point Object in an Arbitrary Curved Mirror.   

http://arxiv.org/abs/1903.01074v1, 4 March 2019.  


